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Abstract
Direct numerical simulations of heat transfer in a fully-developed turbulent pipe
flow with circumferentially-varying thermal boundary conditions are reported. Three
cases have been considered for friction Reynolds number in the range 180–360 and
Prandtl number in the range 0.7–4. The temperature statistics under these heating
conditions are characterized. Eddy diffusivities and turbulent Prandtl numbers for
radial and circumferential directions are evaluated and compared to the values pre-
dicted by simple models. It is found that the usual assumptions made in these
models provide reasonable predictions far from the wall and that corrections to the
models are needed near the wall.
Keywords: direct numerical simulation, heat transfer, pipe flow, turbulence,
eddy-diffusivity
1. Introduction
Prediction of turbulent flows characterized by large temperature gradients and
high heat-transfer rates is of great importance in engineering. Heat exchangers,
combustion chambers, nuclear reactors and cooling systems in electronic devices
are just some of the well-known examples in which significant temperature varia-
tions typically occur within the flow. In particular, the motivation for this study is
the flow in the tubes of the heat receiver of concentrated solar power towers (Moore
et al., 2010; Kolb, 2011). The heat receivers are formed by thin-walled metal tubes,
assembled into panels. Heliostats located around the tower concentrate the solar
radiation onto the tubes. Since the tubes are irradiated only on their outward fac-
ing side, they are subject to highly non-uniform heat flux. The heat transfer fluid,
typically a molten nitrate salt, flows through the tubes increasing its temperature
by convection. From a design point of view, the problem is complicated since the
density, the viscosity and the heat conductivity of the salts are temperature depen-
dent. Although the Reynolds numbers of operation are not extremely large, in the
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Case Reτ Reb Pr Line style
1 180 5.26 · 103 0.7 Solid (Black online)
2 180 5.26 · 103 4 Dashed (Red online)
3 360 1.16 · 104 0.7 Dashed-dotted (Blue online)
Table 1: Parameters of the simulations. Reτ = uτR/ν, Reb = Ub2R/ν, where R is
the pipe radius, uτ is the friction velocity, Ub is the bulk velocity and ν is the
kinematic viscosity.
range Reb = 2UbR/ν = 2 · 104 – 4 · 104, where Ub is the bulk velocity, R is
the pipe radius and ν is the kinematic viscosity, the Prandtl numbers are large, in
the range 10–20 depending on the employed salt. The operation of the plant must
ensure that the temperature of the salt never reaches the decomposition tempera-
ture nor the melting temperature. This is not always easy to predict and requires
a greater understanding of the temperature distribution than currently available.
Such understanding may be obtained through direct numerical simulations (DNS)
of fully developed turbulent flow in pipes. These simulations are becoming afford-
able with the recent advances in computational power, specially for the lower end
of the range of Reynolds and Prandtl numbers mentioned above.
In spite of its practical relevance, turbulent heat transfer in pipes has not been
so thoroughly studied through DNS as in plane channel flows. The main rea-
son is the numerical difficulties associated with the cylindrical coordinate system
and the corresponding numerical singularity along the symmetry line. There are
some DNS of turbulent pipe flow without heat transfer like those of Wu and Moin
(2008), El Khoury et al. (2013) and Chin et al. (2014). DNS of heat transfer in
pipes with homogeneous heating are also available, for example Piller (2005) and
Redjem-Saad et al. (2007). To the best of our knowledge DNS of pipe flow with
circumferentially-varying heat flux are not available in the literature.
In this paper we report on the turbulent heat transfer in a pipe with circumferentially-
varying heat flux by means of DNS of fully-developed turbulent flow. As a first
step towards understanding the heat transfer characteristics of the pipes used in
heat receivers, we simplify the problem by considering constant fluid properties
and somewhat lower Reynolds and Prandtl numbers, as summarized in Table 1.
The main objective of the study is to generate a numerical database for RANS
turbulence models benchmarking. We are particularly interested in the improve-
ment of eddy diffusivity models, since there is a need to use very simplified mod-
els in some practical applications as the preliminary design of the heat receivers of
concentrated solar power towers (Flores et al., 2014).
From experimental studies it is clear that the effective thermal diffusivity in a
circular pipe is significantly non-isotropic, being higher in the circumferential than
in the radial direction, as reported for example by the experiments of Quarmby and
Quirk (1972). Besides this empirical evidence, many RANS calculations of the
turbulent heat-transfer still use isotropic models for the thermal eddy-diffusivity as
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the one employed by Reynolds (1963). Ga¨rtner et al. (1974) improved on Reynolds
results by employing a non-isotropic model. Later, Launder (1978) suggested that,
for an axisymmetric fully-developed velocity field, the ratio of circumferential-to-
radial heat eddy diffusivities can be approximated by the ratio of the corresponding
mean square velocity fluctuations. Baughn et al. (1984) applied this model to the
case of a pipe with a top-half heating distribution (constant heat flux on one half
of the circunference but adiabatic conditions on the other half) obtaining remark-
able better results that when using an isotropic eddy diffusivity model. The DNS
database reported in this paper will allow to assess the accuracy and validity of
such models.
The structure of the paper is as follows. In section 2 the computational setup is
presented, including the governing equations and the boundary conditions. Results
are presented in section 3. First, the temperature statistics are characterized. This
is followed by the evaluation of eddy diffusivities and turbulent Prandtl numbers.
Finally, conclusions are presented in section 4.
2. Governing equations and computational setup
As discussed in the introduction, the flow configuration studied in the present
paper is a pressure-driven incompressible flow of a viscous fluid in a smooth circu-
lar pipe of radius R, subjected to a circumferentially-varying heat flux. The fluid
has constant density, ρ, kinematic viscosity, ν, thermal diffusivity, α, and specific
heat, Cp. Since gravity effects are not considered in the present study, the fluid
temperature is simply treated as a passive scalar. Hence, the system of equations
that need to be solved are the Navier-Stokes equations for an incompressible fluid
(continuity and momentum), together with an advection-difussion equation for the
temperature.
In the following the nomenclature used is (x1, x2, x3) for the three cartesian co-
ordinates, with corresponding velocity components (u1, u2, u3). Due to the geom-
etry of the problem, it is convenient to define also cylindrical coordinates (r, θ, z)
and velocities (ur, uθ, uz), where z = x3 is the axial coordinate along the pipe
axis (see Fig. 1). Several averages will be used throughout the paper. The brackets
〈·〉 indicate mean values, averaged in time and over the homogeneous directions.
Primed variables denote fluctuations with respect to these mean values. Bulk vari-
ables, denoted with a b subindex, are averaged in time and over the cross-plane
(r, θ).
The boundary conditions imposed at the wall are no-slip for the velocity and a
circumferentially-varying heat flux given by
qw(θ) = piqw sin θ, 0 < θ < pi (1)
qw(θ) = 0, pi < θ < 2pi (2)
where qw is the net heat flux at the wall, which corresponds to the value of the heat
flux in a homogeneous heating case with the same total added heat to the system.
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Figure 1: Computational domain and mesh.
The imposed heat flux aims to reproduce the heat transfer conditions of the pipes
in a heat receiver, where the sun radiation only affects half of the circumference,
while the other half can be considered adiabatic. Note that the added heat leads
to a net increase of the temperature along the axial direction. A heat balance in a
thin slab shows that the bulk temperature Tb increases linearly with z, with a slope
given by
dTb
dz
=
2qw
ρCpUbR
, (3)
where Ub is the bulk velocity.
The net heat flux qw, together with the friction velocity, uτ , allows the defini-
tion of a characteristic friction temperature T ∗ = qw/ρCpuτ . When the equations
are normalised using the pipe radius R, the friction velocity uτ and the friction
temperature T ∗, the only non-dimensional parameters that control the heat transfer
are the Reynolds numberReτ = uτR/ν and the Prandtl number Pr = ν/α. Three
cases are defined with the values of Reτ and Pr summarized in Table 1.
The linear increase of Tb with z allows us to simplify the advection-diffusion
equation for the temperature, by decomposing the temperature field into Tb(z) +
T (r, θ, z, t). The evolution equation for the latter is
∂T
∂t
+ ui
∂T
∂xi
= α
∂2T
∂xi∂xi
− u3dTb
dz
, (4)
where the last term acts as a source term. Note that, since dTb/dz is constant, the
axial direction is homogeneous for T (r, θ, z, t).
Equation (4), together with the continuity and momentun equations, are solved
using the massively parallel spectral-element method (SEM) solver Nek5000. This
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Figure 2: Results for the uniform heat flux case. Lines, present calculation. Symbols, data
from Piller (2005). (a) Mean temperature 〈T 〉/T ∗ as a function to the distance
to the wall y+ = (R− r)uτ/ν. (b) Turbulent heat flux 〈u′rT ′〉/(uτT ∗) vs y+.
code has been developed by Fischer et al. (2008), and it solves the incompressible
Navier-Stokes equations on Gauss-Lobatto-Legendre nodes. It essentially divides
the physical domain into a number of hexahedral elements where the equations of
motion are solved by means of local approximations based on high-order orthogo-
nal polynomials basis. Time is advanced with a 3rd order mixed Backward Differ-
ence/Extrapolation (BDF3/EXT3) scheme. Along with its efficient parallelization,
this code provides spectral accuracy with geometrical flexibility, which makes it
suitable for some engineering problems.
The size of the computational domain is selected following El Khoury et al.
(2013), who performed DNS of turbulent pipe flow (without heat transfer) also
with Nek5000. The computational domain is shown in figure 1, and it consists
of a circular pipe of length 25R. Since the z direction is homogeneous, periodic
boundary conditions are used in at the inlet and outlet of the pipe. The same com-
putational mesh has been used for the three cases. We use a total of 55440 spectral
elements of polynomial order n = 7, with 105 elements in the streamwise direc-
tion and 528 elements in the cross-plane. For cases 1 and 2, the grid spacing in
wall units (i.e. normalised with uτ and ν) is ∆r+max ≤ 3.5, ∆(Rθ)+max ≤ 3.5,
∆z+min ' 2.8 and ∆z+max ≤ 9. The first grid point in the radial direction is located
at ∆r+ ' 0.25 from the wall. Case 1 is well resolved, with a resolution slightly
better than a similar case reported by El Khoury et al. (2013). The resolution for
case 2 with Pr = 4 is slightly under-resolved compared to a channel flow com-
putation with the same Reynolds number and Pr = 3 (Schwertfirm and Manhart,
2007).
The grid spacing for the more demanding simulation (case 3 in Table 1) is
∆r+max ≤ 7, ∆(Rθ)+max ≤ 7, ∆z+min ' 5.5 and ∆z+max ≤ 18. The first grid point
in the radial direction is located at ∆r+ ' 0.5 from the wall. This case is also
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slightly under-resolved compared to the simulations reported by El Khoury et al.
(2013).
The validation of the methodology was performed by carrying out an additional
simulation with uniform heat flux, as the one reported by Piller (2005). The friction
Reynolds number of the flow was set to Reτ = 180 and the Prandtl number to
Pr = 0.7. The velocity statistics were compared to the DNS data of Wu and Moin
(2008) and were found to be in good agreement (not shown). Details can be found
in Gonzalo (2013). The mean temperature distribution 〈T 〉 and the turbulent heat
flux 〈u′rT ′〉 are displayed in Fig. 2. The data of Piller (2005) is included in the
figure. Both calculations are shown to be in good agreement.
3. Results
3.1. Characterization of the temperature field
First, we provide a general impression of the velocity and temperature fields.
Figure 3(a) shows a snapshot of the instantaneous streamwise velocity and Figure
3(b) displays a snapshot of the instantaneous temperature. Both plots correspond
to case 3 with Reτ = 360 and Pr = 0.7. Note that, although the flow is turbulent
in the whole pipe and velocity fluctuations are present everywhere, temperature
fluctuations are concentrated in the upper part of the pipe. It can be observed that a
thin thermal boundary layer develops in the upper region of the pipe where the heat
flux is maximum. Near the adiabatic region the temperature distribution is more
uniform.
A more quantitative view of the temperature is provided in Figures 4-6. First,
Figure 4 displays the mean temperature 〈T 〉 for the three cases, both as a contour
plot in the cross-plane and as selected profiles. Also the mean temperature of the
uniform heat-flux case (shown in Fig. 2) is included for comparison. The profiles
are taken along three radial lines at θ = pi/2, pi/4 and 0 as indicated in Figure 4(a).
The distance to the pipe wall is plotted in wall units, y+ = (R − r)uτ/ν, using a
logarithmic scale. The mean temperature in the contour plots is normalized with
T ∗ so that the different thickness of the thermal boundary layers can be appreciated
when comparing cases 1 and 2, that have the same Reynolds number. On the
other hand, Figs. 4(d) − (f) show the deviation of the mean temperature with
respect to the mean wall temperature 〈Tw − T 〉, normalized with PrT ∗. With this
scaling all curves corresponding to the circumferentially-varying heat-flux cases
collapse in the vicinity of the wall where the molecular conduction dominates over
the turbulent heat diffusion.
One of the main concerns of the thermo-solar community is the temperature at
wall, the so-called film temperature, since this is one of the main causes of pipe
failure and salt degradation during operation. Figure 5 shows the variation of the
wall temperature, 〈Tw〉/T ∗, as a function of the circumferential coordinate. As
expected, the maximum temperature is reached at the location of maximum heat
flux, θ = pi/2, with a value which is slightly dependent on the Reynolds number
but strongly affected by the Prandtl number. The comparison between cases 1 and
6
(a)
(b)
Figure 3: (a) Visualization of the instantaneous streamwise velocity, uz/uτ . (b) Visual-
izations of the instantaneous temperature T/T ∗. Both visualizations correspond
to Case 3 and are taken at the same time.
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Figure 4: (a) − (c) Mean temperature 〈T 〉/T ∗ in the cross-plane. Note that the scale is
different in each panel. (a) Case 1. (b) Case 2. (c) Case 3. The dashed lines in
(a) indicate the angles for which profiles are shown in (d)−(f). (d)−(f) Mean
temperature, 〈Tw−T 〉/(PrT ∗), profiles as a function of the distance to the wall
y+. Line styles defined in Table 1. The line with the symbol corresponds to the
case with homogeneous heating. (d) θ = pi/2. (e) θ = pi/4. (f) θ = 0.
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Figure 5: Mean temperature at the wall 〈Tw〉/T ∗ as a function of the circumferential co-
ordinate. Line styles defined in Table 1.
2 (with the same Reynolds number) suggests that the peak temperature changes as√
Pr, although more simulations would be needed to confirm this trend.
The characterization of the temperature field is completed by analyzing the
root-mean-square (RMS) temperature fluctuations. Figure 6 displays the RMS
temperature fluctuations, Trms, for the three cases, both as a contour plot in the
cross-plane and as selected profiles. The profile of the RMS temperature fluctu-
ations near the wall shows a plateau very close to the wall followed by a peak
located at a distance to the wall that depends on the Prandtl number. After this
peak the fluctuations decrease monotonically towards the center of the pipe. As
shown in DNS of turbulent heat transfer in pipes (see for example Redjem-Saad
et al. (2007)), when the Prandtl number increases, the peak of temperature fluctua-
tions moves closer to the wall and rises significantly. The present results displayed
in Figure 6(d) at θ = pi/2 show that for Pr = 0.7 the peak is located at y+ ' 11,
whilst for Pr = 4, this distance reduces up to y+ ' 7. This difference is still
clearly visible at θ = pi/4, Figure 6(e). At other circumferential locations where
the heat flux at the wall vanishes, like in Figure 6(f), the temperature fluctuations
are much weaker and the Pr effect is less apparent. We have tried several normal-
izations for the peak temperature fluctuations involving the Prandtl number with
inconclusive results. Note that the scaling of thermal boundary layers is an issue
of current debate even for canonical configurations (Saha et al., 2014).
3.2. Turbulent eddy diffusivity
The development of the fully developed thermal field in a turbulent pipe flow
with a circumferentially-varying heat-flux is described by the three-dimensional
mean energy equation
〈uz〉 ∂Tb
∂z
=
1
r
∂
∂r
[
(α+ εhr) r
∂ 〈T 〉
∂r
]
+
1
r
∂
∂θ
[
1
r
(α+ εhθ)
∂ 〈T 〉
∂θ
]
, (5)
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Figure 6: (a) − (c) RMS temperature Trms/T ∗ in the cross-plane. Note that the scale is
different in each panel. (a) Case 1. (b) Case 2. (c) Case 3. (d) − (f) RMS of
temperature fluctuations, Trms/T ∗, profiles as a function of the distance to the
wall y+. Line styles defined in Table 1. (d) θ = pi/2. (e) θ = pi/4. (f) θ = 0.
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Figure 7: Thermal eddy diffusivity in (a) radial, εhr/(uτR), and (b) circumferential,
εhθ/(uτR), directions for Case 1. The dashed lines show the averaging region
for Figure 8.
where we have introduced the eddy diffusivities to model the velocity-temperature
correlations as 〈
u′rT
′〉 = −εhr ∂ 〈T 〉∂r , (6)〈
u′θT
′〉 = −εhθ 1r ∂ 〈T 〉∂θ . (7)
Figure 7 shows the iso-contours obtained in the present DNS for the thermal
eddy diffusitivies in radial, εhr, and circumferential, εhθ, directions for Case 1.
Although in principle these quantities could be a function of r and θ, the DNS
results show that they are roughly functions of r only. Singularities appear in εhr
when ∂ 〈T 〉 /∂r goes to zero (near θ = 0 and pi). A singularity also occurs for εhθ
at θ = pi/2 where ∂ 〈T 〉 /∂θ = 0 at the wall. At this location εhθ seems to have
circumferential variations, Figure 7(b). Although not shown here, the results for
cases 2 and 3 are qualitatively similar.
In order to avoid the singularities, we have averaged εhr in the range [pi/4, pi/2]
and εhθ in the range [0, pi/4], as shown in Figure 7. The resulting eddy diffusivities
normalized with uτR are shown in Figure 8, where the larger value of the thermal
eddy diffusivity in the circumferential direction near the wall can be appreciated.
Near the pipe center, both εhr and εhθ tend to the same values, indicating that the
behaviour is rather isotropic. The value at pipe axis seems to be fairly independent
of the Prandtl number with the present normalization.
As discussed in the introduction, we now proceed to evaluate the model pro-
posed by Launder (1978). The eddy-diffusivity ratio εhθ/εhr is compared with the
ratio of the corresponding mean square velocity fluctuations, 〈u′2θ 〉/〈u′2r 〉, both as
a function of the distance to the wall in inner units (Figure 9). The present results
indicate that both ratios differ near the wall. For y+ < 20, the eddy diffusivity
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ratio is proportional to y−1 while the velocity ratio is proportional to y−2. How-
ever, it seems that in the pipe core both ratios are of the same order of magnitude.
A similar result was obtained in channel flow with heat flux varying in spanwise
direction by Matsubara et al. (2012). Therefore, a non-isotropic eddy diffusivity
model as proposed by Launder should be valid far from the wall. However, in order
to provide the correct behaviour near the wall it should incorporate modifications
with a proper scaling.
3.3. Turbulent Prandtl number
The knowledge of the turbulent Prandtl numbers is of great importance if we
attempt to predict heat transfer from a known velocity field. We define turbulent
Prandtl numbers in radial and circumferential directions
Prtr =
νt
εhr
, (8)
Prtθ =
νt
εhθ
, (9)
where νt is the eddy viscosity defined from〈
u′ru
′
z
〉
= −νt∂ 〈uz〉
∂r
, (10)
Note that in cases with uniform heating, the turbulent Prandtl number Prt corre-
sponds to eq. (8).
In experiments, it is often difficult to determine the turbulent Prandtl number
in turbulent boundary layer flows, since measurements near the wall are hard to
obtain. With the advent of DNS, several authors have tried to address this problem,
but mainly in cases with uniform heat transfer conditions. The behaviour of Prt
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near the wall is strongly dependent on the temperature boundary conditions. For
isothermal walls (Schwertfirm and Manhart, 2007; Redjem-Saad et al., 2007) Prt
tends to a finite value at the wall that depends on the molecular Pr. For constant
heat flux at the wall Prt goes to zero at the wall (Chung and Sung, 2003). In
the present case, where the heat flux conditions at the wall are non uniform, the
characterization of the turbulent Prandtl number in the circumferential direction is
of utmost importance.
Figure 10 shows Prtr and Prtθ for the three cases. As expected Prtθ is lower
than Prtr in the near-wall region, indicating the higher contribution of the cir-
cumferential fluxes to the net turbulent heat transfer. As the distance to the wall
approaches zero the circumferential turbulent Prandtl number is Prtθ ∝ y2, while
Prtr ∝ y. In the buffer region, Prtr reaches values around 1 and then it decreases
smoothly to reach a value Prtr ∼ 0.7 in the central part of the pipe. On the other
hand, Prtθ increases almost monotonically, and at the centre the temperature field
becomes more isotropic, leading to Prtθ ∼ Prtr. At the pipe axis, the turbulent
Prandtl numbers reaches a value of roughly 0.7 independently of the change inReτ
and Pr, which agrees well with previous experimental data (Blackwell et al., 1972;
Hollingsworth et al., 1989) and computations (Kim and Moin, 1989).
4. Conclusions
DNS of turbulent heat transfer of the fully-developed flow in a pipe with circumferentially-
varying heat flux boundary conditions have been conducted for two Reynolds num-
ber (Reτ = 180 and 360) and two Prandtl numbers (Pr = 0.7 and 4). The imposed
heat flux at the wall aims to reproduce the heat transfer conditions at the pipes of
a heat receiver, therefore, the heat flux at the wall is modelled as sinusoidal from
θ = 0 to pi and zero (adiabatic condition) from θ = pi to 2pi.
First, we focus on the mean and root-mean-square temperature distributions
on the pipe cross-section. Most of the turbulent fluctuations take place in the up-
per part of the pipe where the heat flux is maximum. While the Reynolds num-
ber has a small impact on the wall temperature distribution, the Prandtl number
produces deep changes, being the circumferential variations of temperature more
pronounced when Pr is higher.
In orden to analyse the significance of the turbulent heat fluxes, thermal eddy-
diffusivities are defined for the radial and circumferential directions similar to the
definition of the eddy-viscosity in the momentum equation. Although in principle
these quantities could be a function of r and θ, present DNS results show that they
are roughly functions of r only. We found a similar ratio εhθ/εhr for all Reτ and
Pr cases studied, which varies as the inverse of the wall distance very near the
wall. This implies that, although the Launder’s hypothesis for the anisotropic be-
haviour might be valid far from the wall, the asymptotic behaviour of εhθ/εhr and
〈u2θ〉/〈u2r〉 differ near the wall, implying that a correction of the model is needed.
Finally, the turbulent Prandtl numbers for radial and circumferential directions
relating the thermal eddy-diffusivities with the eddy-viscosity are presented and
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discussed. At the center of the pipe, we obtain an isotropic behaviour with Prtθ ∼
Prtr ∼ 0.7, irrespective of the Re and Pr considered here. Near the pipe wall,
however, we find that Prtr ∝ y+ and Prtθ ∝ y+2.
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